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ABSTRACT. We study Banach-Saks index sets for rearrangement-invariant
(r. i.) function spaces. The main focus is on the class of r. i. spaces whose
(classical) Banach-Saks index set is trivial, but for which the counterpart
computed for weakly null sequences of independent random variables is not

trivial. We discover and exploit an interesting connection with the Kruglov
property in r. i. spaces.

INTRODUCTION

Let X be a Banach space and p > 1. A bounded sequence {z,} C X is called
a p-BS-sequence (BS-sequence) if there exists a subsequence {yx} C {z,} such

that
m 1 m
Zka < 00 <lim —HZka :0>.
b'e m—oco M X
k=1 k=1

We say that X has the p-BS-property (BS-property) and we write X €

_1
C=supm »
meN

BS(p) (X € (BS)) if each weakly null sequence contains a p-BS-sequence (BS-
sequence). Clearly, every Banach space has the 1-BS-property. The set

IN(X)={p: p>1, X € BS(p)}

is said to be the index set of X, and is of the form [1,~], or [1,7) for some 1 < ~.
The Banach-Saks index v(X) of X is said to be 7 in the first case or v — 0 in the
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second case. Everywhere below X stands for an rearrangement-invariant (briefly,
r.i.) space on [0,1]. In particular, classical results [5, Ch. 12, Theorem 2], [13] say
that I'(L,) = [1, min(p, 2)] for any p € [1,00). Every Banach r.i. space X € (BS)
is automatically separable (see e.g. [20]).

If, in the preceding definition, we replace all weakly null sequences by weakly
null sequences of independent random variables (respectively, by weakly null se-
quences of pairwise disjoint elements), we obtain the set I';(X) (respectively,
T'q(X)). It is known [1] that 1 € T(X) € Ty(X) C [1,2] and T;(X) C Tq(X) for
any 1. i. space X. Moreover, the sets I'(X) and T';(X) coincide in many cases but
not always. For example, I'(L,) = I';(L,), 1 < p < oo (see e.g. [21, Theorem
9]), whereas for the Lorentz space Lo generated by the function t1/2, we have
I'(Ly1) =[1,2) and I';(La,1) = [1,2] (|20, Theorem 5.9] and [1, Proposition 4.12]).
It turns out that these two situations are typical: under the assumption that
I'(X) # {1}, we have either T';(X) \ ['(X) = 0 or else I';(X) \ T'(X) = {2}.

Theorem 0.1. ([21, Theorem 9]) If X is a separable r. i. space such that T'(X) #
{1}, then either

(i) T(X) = [y(X), or

(ii) T'(X) =[1,2) and T;(X) = [1,2].

We show in the present article that the assumption I'(X) # {1} above is crucial
and, in the sharp contrast with the result of Theorem 0.1, for any given 1 < p < 2
there exists a r. i. space X such that I';(X) \ I'(X) = (1,p]. Furthermore, the
proof of Theorem 9 in [21] shows that the assumption I'(X) # {1} in Theorem
0.1 above can be replaced by a weaker one: the lower Boyd index ax > 0 [1,
Theorem 4.2(i)]. In this article, we shall prove that there exists a reflexive r. i.
space X such that T';(X) = [1,2] and ax = 0. Our approach depends crucially
on an interesting link between Banach-Saks type properties in r. i. spaces and
the so-called Kruglov property which has been studied and intensively used in
[7, 2, 3, 4]. These problems are considered in Section 2. In Section 3 we deal with
r. i. spaces having Banach-Saks index 2 showing, in particular, that Lo is unique
r. i. space with index 2 and containing L ;.

1. DEFINITIONS AND PRELIMINARIES

1.1. Rearrangement-invariant spaces. A Banach space (X,] - ||) of real-
valued Lebesgue measurable functions (with identification m-a.e.) on the interval
[0,1] will be called rearrangement-invariant (briefly, r. i.) if
(i). X is an ideal lattice, that is, if y € X, and if = is any measurable function
on [0,1] with 0 < |z|] < |y| then z € X and ||z|, < |yl «;
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(ii). X is rearrangement invariant in the sense that if y € X, and if z is any
measurable function on [0, 1] with z* = y*, then z € X and ||z||, = [|y]| -

Here, m denotes Lebesgue measure and z* denotes the non-increasing, right-
continuous rearrangement of x given by

z*@t)=inf{ s >0:m{{uw € [0,1] :| z(u) |>s}) <t }, t>0.

For basic properties of r.i. spaces, we refer to the monographs [15, 17]. We note
that for any r.i. space X we have: Lo[0,1] € X C L;[0,1]. Without loss of
generality, we shall assume everywhere below that these embeddings hold with
constant 1. Recall that for 0 < 7 < oo, the dilation operator o, is defined by
setting

x(t/7), 0 <t < min(1,7)
orx(t) =
0, min(1,7) <t < 1.
The dilation operators o, are bounded in every r. i. space X. The numbers ax
and Ox given by

In|lo,| x In o, | x

ax = ;IH%) Int ’ fx = Tlggo InT
belong to the closed interval [0,1] and are called the Boyd indices of X.
The Ko6the dual X* of an r.i. space X on [0,1] consists of all measurable

functions y for which

Iyl :=sup / l[z(®)y(t)|dt: x € X, ||z| Sl} < o0.

If X* denotes the Banach dual of X, then X* C X* and X* = X* if and
only if X is separable. An r.i. space X is said to have the Fatou property if
whenever {f,}52; C X and f measurable on [0,1] satisfy f, — f a.e. on [0,1]
and sup,, || fnllx < 00, it follows that f € X and ||f||, < liminf, o || fallx. It is
well-known that an r.i. space X has the Fatou property if and only if the natural
embedding of X into its Kéthe bidual X ** is a surjective isometry.

Let us recall some classical examples of r.i. spaces on [0, 1]. Denote by Q) the
set of all increasing concave functions on [0, 1] with ¢(0) = ¢(+0) = hm w(t) =0.

Each function ¢ € € generates the Lorentz space A(p) (see e.g. [15}) endowed

with the norm
1

lellae) = [ o ()dett)
0
The Lorentz space A(p), where ¢(t) := t'/2, ¢ > 0 is customarily denoted Ls ;.
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Let M(t) be a convex function on [0, 00) such that M (t) > 0 for all ¢ > 0 and
such that

B M) t
0=M(0) =l === lim 77e5
Denote by Ljs the Orlicz space on [0,1] (see e.g. [14, 15, 17]) endowed with the
norm

l2|lp,, = inf{\: >0, /M(|x(t)\/)\)dt <11
0

Finally, we denote by x.(t) the indicator function of the measurable set e C
[0,00) and by ¢x(t) the fundamental function of an r.i. space X, i.e., px(t) =
lIxellx, where e C [0, 1] and m(e) = t.

1.2. The Kruglov property in r.i. spaces. Let f be a measurable function
(a random variable) on [0,1]. By w(f) we denote the random variable Zf\il fi,
where f;’s are independent copies of f and IV is a Poisson random variable with
parameter 1 independent of the sequence {f;}.

Definition 1.  An r.i. space X is said to have the Kruglov property (we write:
X € (K)), ifand only if f € X < n(f) € X.

This property has been studied by M. Sh. Braverman [7] which uses some prob-
abilistic constructions of V.M. Kruglov [16] and by the first and third named
authors in [2, 3, 4] via an operator approach. Note that only the implication
f € X = w(f) € X is non-trivial, since the implication (f) € X = f € X is
always satisfied [7, p.11]. Moreover, an r. i. space X € (K) if X D L, for some
p < oo [7, Theorem 1.2] and also [2, Corollaries 5.4, 5.6]. At the same time, some
exponential Orlicz spaces which do not contain L, for any ¢ < oo also possess
this property (see [7] and [2]).

2. REARRANGEMENT-INVARIANT SPACEs WITH I'(X) = {1} anD I';(X) = [1,2].

As it was remarked in the Introduction, the Kruglov property proved to be very
useful in the study of Banach-Saks type properties in r. i. spaces. The following
statement from [4] (see also [3]) will play a crucial role in our considerations here.

Theorem 2.1. If an r.i. space X on [0,1] has the Kruglov property, then there
exists C > 0 such that for any sequence of independent mean zero wvariables
{fx}7_y C X (n €N) the following inequality holds:

> > o f
h=1

k=1

(1) <C

X z2
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Here, Z% is the r.i. space on [0,00) such that the quasinorm

1£llzz == 1" xo.ullx + 1" X100 | yp.0 < 00

and the sequence {f;}7_, C Z% is a sequence of disjoint translates of {f}7_, C
X, that is, fr(-) = fx(- — k + 1). Note that inequality (1) has been proved
earlier in [12] (see inequality (3) there) under the more restrictive assumption
that X O L, for some p < oc.

We shall also need the following result, which goes back to the proof of [19,
Theorem 1]. We include details of proof for the sake of completeness and for the
convenience of the reader.

Proposition 2.2. For every r.i. space X on [0, 1]

. I, el ),

where {fp}7_; (n > 1) is an arbitrary sequence of independent random variables
from X.

PrROOF. Let {fx}}_; € X (n > 1) be an arbitrary sequence of independent
random variables. Set

mn:(XyQ (t).
k=1
By [11, Proposition 2.1],
1
(3) im{AX[O,l] >t} < m{1r<n]?é(n |fx] >t} < m{Axp,1 >t}

and therefore we have, setting for brevity B(t) := maxi<g<n |fx(t)|, that

(1) %AA@MgAB@ﬁgAA@#

Let now {gr}7_, be a sequence of independent identically distributed random
variables such that m{gy = 1} = 1 and m{gy = 0} = =1 (k > 1), where 1 <
r < n is a positive integer. Assume also that this sequence is independent of the
sequence {f}7_,. Consider now the sequence of independent random variables
{fegr}i_y = {fr(t)gr(s)}}_,, which, for convenience, we view as a sequence of
random variables on the square [0,1] x [0,1]. Denote A := (ZZ:1 M)* and
B := maxj<p<n | frgr| the quantities analogous to A and B (defined above for the
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sequence {fx}7_;). Applying (4) to the sequence {frgr}i_, and A, B, we have

/A du</B du</A

Observing that the function (fxgx)* coincides with the function (01 fx)*, where

U%fk( ) = fr(rt), we have
/ (Z fkgk> (u) du

1
/ A(u) du
0
1
= / (ZO’Ifk) du—/O o1 A(u) du.
Next, since

/01 o1 Audu = /01 Alruydu =" </01 Alu)du + /1TA(u)du)

and since .
k) < / A(u)du <Y A(k),
1 k=1

we rewrite the estimates above as

(5)

1 1 T 1 1 1 -
4T(/O A(u)du+kz_:1A(k)>S/O B(u)du§r</0 A(u)du+;A(k)>,

To estimate the expression on the left hand side in (5), we denote by E(-|M)
the expectation operator with respect to the o-subalgebra of the o-algebra of all
Lebesgue measurable subsets of the square [0, 1] x [0, 1] consisting of all sets of the
form e x [0,1], where e is an arbitrary measurable subset of [0, 1] Clearly, for an
arbitrary integrable function f on [0, 1] X [0, 1], we have E(f|M)(¢ fo f(t,s)ds.
In particular,

BEM)0 = [ s, 15 (ae(s) s

If now A; is the quantity analogous to A defined this time for the sequence

{fe®)gr(-)}2_,, then
1 L *
/0 At(u)du:/o z_: (fx(t) X (k=2 E)(s)ds: ;Z(fk(t)) ’

k=1
where {(fx(t))*}7_, is the sequence consisting of the first r entries from the
sequence {(fx(t))*}7_,, which is the rearrangement in the non-increasing ordering
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of the numbers |f1(¢)|, |f2(t)], ..., |fn(t)] counting multiplicities (for fixed ¢ €
[0,1]). Therefore, applying (4) to the sequence {fx(¢)gr(-)}i_,), we have

T

1

LS ) < BEMIO < LY (), 0<e<,

k=1 k=1

(6)

Since fo w) du = fo (B|M)(t)dt, then we infer from (6) and (5)
(7)

1 1 r 1 r
4(/0 A(@dwgfx(z@))g/o > (felt) t<2</0 A(u)du—i—’;A(k)).

We may now finish the proof. Observe first that the inequality (2) follows
immediately from the definition of the space Z2% and from the following two
estimates:

® Iavoalx <2 (2)"].
k=1

and

o) Il <4(32£2) 1.
k=1

The estimate (8) follows from the left hand side inequality in (3) and the
obvious inequality

n 1/2
< 2)
max [fil (I;fk

It remains to prove (9). First of all observe that

/
(10) 100 122 < (ZA k)"

Next, for brevity, denote by || - ||ls, (r < n) the norm of the space of all scalar
sequences of length n given by

[2lls, = {(zr)} iz lls, = Zwk

We now use the observation that
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n

30 R S AT

k=1 b={br}p_s> Hb”2<1k 1

le{fk “Hiztllse (08 = b740), bhga =0,

b= {bk}k 1 Hbl\2<1r 1

to infer
1 n 1/2 n 1
; ; Ve s, dt.
[ (@) az e S0 GO N

Using the last inequality and (7), we obtain
T

r, 1/2
4/0 (Zf,f(t)) dt > sup Z by — by, 1) ZA

b={br}p_y, lIbll2<1. 5

n n 1/2

= sup k)by = ( Ak )
b:{bk}zzl’ ”bH2§1 ]; ;

Combining this last estimate with (10) and then applying the obvious inequality

fol(ZZ:1 FE)Y2dt < (|, )Y x, we deduce (9). This completes the

proof. O

A Banach lattice X is said to be 2-convez, if there exists a constant M > 0 such
that for every finite sequence {z;}}_; C X,

1/2 1/2

n
>l <MD [k
j=1 p j=1

We are now in a position to prove the following

Theorem 2.3. If X is a 2-convex r.i. space such that X € (K) then I';(X) =
[1,2].

PROOF. Suppose that {f,},>1 C X is an arbitrary sequence of mean zero inde-
pendent random variables such that f,, — 0 weakly and || f,||x <1, n > 1.

Combining Theorem 2.1 and Proposition 2.2, we obtain that there exists a
constant C' > 0 such that

|35, <ol al,, <sel (X))

=1
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for every n > 1. Since X is a 2-convex space, there exists a constant C; > 0 such

that
I(=2)"]. <a(Sunk) < v =
k=1 k=1

This yields that the sequence {fx}r>1 is a 2-Banach-Saks sequence.
Suppose now {g, }»>1 € X is an arbitrary weakly null sequence of independent
random variables, ||g,||x <1, n > 1. Setting

1
fk:gk_/ gr(t)dt, k=>1,
0

we obtain a mean zero sequence of independent random variables satisfying
Ifellx <2, k> 1. Passing to a subsequence, we may assume that |f01 gr(t)dt] < 27F,
Then, as we have just proved, we have

m m m 1
< ¢ dt‘ <C 1, m>1.
S50, <S55, + £ [ v <o, m
k=1 k=1 k=1
This shows that {gn }»>1 is a 2-Banach-Saks sequence in X and thus I';(X) = [1,2]. O

Proposition 2.4. There exists a 2-convex reflexive r. i. space X such that X €
(K) and ax = 0.

PROOF. Let 0 <y < 1 and ¢ | 0. Let ¢(t) be a linear function on [tx41,tx] and
¢(ty) =t} for every k € N, ¢(0) = 0. Then ¢ is a concave function on [0, 1] and
(t) <7 for each t € [0,1]. It is easy to check that

_op(2t)
(11) hgri)lglf 200 =1

if 5, converges to 0 sufficiently quickly.
Consider the space X = A(p)(2) endowed with the norm

lellx = ([ 1 )

Since A(y) is a separable and maximal r. i. space then by Lozanovskii’s theorem
[18] X is reflexive. Clearly,

1/2

1
ax = 50A(p), Bx = 5@\(@-

It is easy to prove that (11) implies () = 0. Indeed, the norm of any linear
operator in a Lorentz space is attained on the set of characteristic functions [15,
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Lemma 2.5.2]. In particular,

t
Hal/”HA(v): sup M n € N.

o<t<i p(nt)’

By [15, Lemma 2.1.3] it follows from (11) that

for each n € N. Hence Hal/n =1 for every n € N. Consequently, ax(,) =0

HA(so)
and ax = 0.

The assumption ¢(t) < t” implies t7¢ € A(p) for 0 < € < . Indeed,

1

1 1
/ tedo(t) = p(t)t ¢ +€/ et tat <
0 0 0

1
< (1) + 5/ Pt = (1) + —— < oc.

0 Y—€
Hence t=¢/2 € X and L2 C X. Using [7, Theorem 1.2], we conclude that X €

(K). O

The condition I'(X) # {1} guarantees that ax > 0 (see [1, Theorem 4.2(i)]),
therefore combining Theorem 2.3 and Proposition 2.4 yields the following theo-
rem.

Theorem 2.5. There exists a reflexive r. i. space X with minimal T'(X) and
mazimal T';(X), that is T(X) = {1} and T;(X) = [1,2].

Remark. Let ¢ be the same function as in the proof of Proposition 2.4. Then the

1/p
space X = A(p)(p), equipped with the norm ||z||x = (fol x*p(t)dgo(t)) is a
reflexive r. i. space such that I'(X) = {1} and I';(X) = [1,p] if 1 <p < 2.

Remark. The assumption I';(X) = [1, 2] does not imply even the BS-property of
X. Let Lgxp be the separable part of the Orlicz space Lexp (0, 1) generated by the
function e’ — 1. Then L, , € (K) [7, p. 42] (see also [16, 2]). The fact that LI
is 2-convex follows from the fact that the function e’ — 1 is 2-convex. Finally,
the space LY, does not have the Banach-Saks property [10, Theorem 5.5(ii)] (in

particular, I'(LY, ) = {1}).

exp

We complete this section with the following result, which is based on the study
of symmetric structure of r. i. spaces with Kruglov property from [4] and which
strengthens Theorem 4.3 from [1].
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Theorem 2.6. If X is an r. i. space such that X € (K), then the following
conditions are equivalent

(i). X € (BS) (respectively, X € BS(p));

(ii).  Z% € (BS) (respectively, Z% € BS(p)).

PROOF. It follows from [4, Theorem 4.1] that the assumption X € (K) guarantees
that X contains a subspace isomorphic to the space Zg(. The fact that the space
Z3% contains a subspace isomorphic to X holds for any r. i. space X. O

Recall that a Banach lattice X is said to have the Banach-Saks d-property
(X € (dBY)) if each weakly null sequence of pairwise disjoint elements from X
contains a BS-sequence.

Corollary 2.7. If X is an r. i. space such that X € (K) and X has the Fatou
property, then the following conditions are equivalent
(i). X € (BS);
(ii). Z% € (BS);
(iii). 72 € (dBS).
PROOF. The fact that Z% has the Fatou property follows from [1, Lemma 3.3].

Therefore, the equivalence between (ii) and (iii) is obtained by referring to [10,
Theorem 4.5]. Finally, using Theorem 2.6 we obtain the result. O

3. SPACES WITH FUNDAMENTAL FUNCTION t1/2 AND INDEX 2

The following statement is essentially known (see e.g. [8]). We present a simple
proof for the sake of completeness.

Lemma 3.1. Let x be a measurable function on [0,1], 0 < z(t) < 1 for each
t€[0,1] and A = fol x(t)dt. There exists a sequence of measurable sets e, C [0,1]
such that m(e,) = X\ for any n € N and x., tends to x weakly in Ly.

PRrROOF. We first consider the case (1) = ax(o)(t) where ab = Aand 0 < a,b < 1.
We put

2" —1 2" —1
en=|J (k2770 k27" + 227" = | (k2770, (k+a)27"b), n €N,
k=0 k=0

and remark that x., (t) = 2(2"t), t € (0,1), where z(t) is the b-periodic function
given by

2(t) =) Xikb(rayp) () (EER).
kEZ
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Since e, C [0,b], then by Fejér’s Lemma ([6, §1.20] or [9, Ex. 2.16])
1 b
lim [ y(t)xe,(t)dt = lim y(t)xen (t) dt

n—oo 0 n—oo

/ dt/obztdt
a/o y(t) dt = /01 y(t)x(t) dt

for any y € L.
Let

x(t) Z Ak X (br—1,br) )

where 0 =0y < b; < ... < b, = 1. Applylng the construction described above to
every interval (bg—1,br), 1 < k < m, we get a sequence of sets e,, (n € N) such

that
1

N RCRCE RTOROE

n—o0 0

for every y € L.

It is easy to extend the statement proved above from the set of step functions
to the whole of L;. We omit this part of the proof because we shall use our
statement later on for step functions only. O

Theorem 3.2. L, is the unique r. i. space with index 2 and containing Lo ;.

PROOF. Let X be an r. i. space such that y(X) = 2 and Lo; C X. We can
suppose that ||y||x < ||y||r,, for every y € Ly ;. In particular,

(12) Ixellx < Ixellza, =m(e)*/?

for any e C [0,1]. It is explained in the Introduction of [20] that X is separable.
Moreover, by [20, Theorem 4.8], X C L. Let x be a step function and 0 < z(t) <
1 for every t € [0,1]. Denote A\ = ||z|,. Then fol 2?(t)dt = \?. By Lemma 3.1,
there exists a sequence e,, C [0, 1] such that m(e,) = A? for every n € N and .,
tends to 22 weakly in L;.

Consider the sequence {r(s)xe,(t)}x>1, where {ri}r>1 is a sequence of
Rademacher functions on [0, 1] (that is a sequence of independent identically
distributed centered Bernoulli variables on [0,1]). The sequence {7; ® Xe, }i>1
tends to 0 weakly in X ([0,1] x [0, 1]) [20, Lemma 3.4]. Since by the assumption
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the space X has the 2-BS-property, we have

i(k)

(13) H Z T'n(i) ® Xen (i)

i=1

< C3M2 (k)| xe
X ([0,1]x[0,1]) — 7 )HX 1HX

for every k € N and some subsequence {n(i)} C N, where a constant C > 0
depends on X only [20, Lemma 4.2]. Furthermore, the estimate (13) holds for
any subsequence of {n(i)}.

Fix a sequence {n(k)} C N satisfying (13). By [10, Proposition 4.3] there exists
a subsequence {n/(k)} C {n(k)} and a function z € L; such that the sequence
{]l Zizl Xemn } tends to z in measure for any subsequence {m(k)} C {n'(k)}.

Consider now the sequence {y;};>1 = {jl Zi:l Xe,(n, }i>1 which clearly tends
to 2% weakly in L;. Since {y;};>1 tends to z in measure, we have z? = 2.
Consequently, {y;};>1 tends to z* in measure and some subsequence {y;()} tends

to 2 a. e. Hence {yjl(/lf)} tends to = a. e. Since X is separable and 0 < yjl(/;) (t) <1

for every k € N and every t € [0, 1], we deduce that {yjl(/;)} tends to x in X and
. 1/2
(14) lellx = lm flyilx.
It can easily be checked that the sequence {r; ® Xe, }i>1 is unconditional in the

space X ([0, 1] x [0, 1]) with unconditional constant equal to 1. Therefore, by [17,
1.d.6]
1o 1 (k)
(15) ||yj(k)||X <V2 W Zﬁ' @ Xe;
=1 X(10,1]x[0,1])
for every k € N and every sequence {j(k)}x>1-
It follows from (12)—(15) that

lz]lx < OV2X = CV2l|z L,

Clearly, the last inequality can be extended to all step functions. Since the set of
step functions is dense in X and Lo, the estimate above holds for every x € Lo.
This proves that X = Lo with equivalence of norms. O

Theorem 4.8 from [20] states that X C Lg if v(X) = 2. This statement is
exact in the following sense.

Proposition 3.3. Let z € Ly. There exists an r. i. space X such that z € X g Lo
and y(X) = 2.
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PROOF. Note that 22 € Ly. By [14, § 8] there exists a convex increasing function
M (u) on [0, 00) such that M(0) = 0, sup,~, 1\&((25)) < 00, limy, o Miu)
M(z?) € Ly. Then the Orlicz space Lj; endowed with the norm

il = inf{)\ >0 /OlM(|x(t)/)\) it < 1}

is a separable r. i. space and «y,,, > 0 [17, Proposition 2.b.5]. Consider the space
X endowed with the norm

= oo and

1/2
lzllx = [l22]1;/2.
It is easy to check that ax = %aLM. Hence ax > 0. Clearly, z € X, X is

2-convex and X # Lo. By [20, Theorem 4.3], we have: y(X) = 2. d
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