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1. Introduction

The extrapolation theory has its origin in the classical Yano theorem [ 1]. It plays an important role in the study of operators
between quasi-Banach spaces. One of the most fundamental problems in the theory of extrapolation is to characterize classes
of certain quasi-Banach spaces via special constructions called extrapolation methods. The first systematic study of abstract
methods of extrapolation in Banach spaces was initiated by Jawerth and Milman in their memoir [2] and it was continued
by Milman in his interesting book [3]. In this book, applications in many areas of classical analysis including the theory of
Fourier series, the theory of logarithmic Sobolev inequalities, commutator inequalities and abstract parabolic equations are
presented. Applications of the extrapolation theory to the Fourier analysis are also given by Carro in [4] and Carro et al. in [5].

In recent years many extrapolation results were proved for some important classes of Banach function spaces called
rearrangement invariant spaces. These spaces are generated by methods which involve the scale of L,-spaces. This is
motivated by applications in harmonic analysis to many important operators including the Hardy-Littlewood maximal
operator and the Hilbert transform. Basic extrapolation theory is relatively a large subject, and we will not attempt to discuss
carefully the topic. It should be mentioned that a full bibliography related to extrapolation spaces and their applications is
not composed yet and could be long. We refer to the mentioned memoir [2] and the book [3], a survey article [6], papers [7-9]
and references included therein.

In the current paper, we study extrapolation descriptions for Marcinkiewicz and Orlicz-Lorentz spaces, which play an
important role in the theory of interpolation between rearrangement invariant spaces (see [10,11]). The new ingredient
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in this presentation is the combination of interpolation theory with the modern approach based on new variants
of extrapolation constructions. This approach allows us both to prove new extrapolation formulas for the norms of
Marcinkiewicz and Orlicz-Lorentz spaces and to estimate boundaries of their extrapolation description. Note that many
results of our paper cannot be obtained by the well-known Jawerth-Milman extrapolation theory developed in [2,3] (see
Section 3 of this paper and a survey article [6]).

To describe results of our paper, we need some notation and definitions.

A Banach lattice on a measure space (£2, X, 1) is defined to be a Banach space X which is a subspace of [’ = (1) (the
topological linear space of all equivalence classes of the real Lebesgue measurable functions equipped with the topology of
convergence in measure on y-finite sets) such that there exists u € X withu > 0 a.e. and if |x| < |y| a.e,, wherey € X and
x € L% thenx € X and ||x]x < |I¥lIx.

Throughout the paper, I denotes the unit interval [0, 1] equipped with the Lebesgue measure m. Given f € L°(I) :=
L°(I, m), its distribution function is defined by ms(A) = m({x € I |[f(x)| > A}) (A > 0), and its decreasing rearrangement
by f*(t) = inf{A > 0:m;(A) < t}fort > 0. A Banach lattice (X, || - [lx) on (I, m) is called a rearrangement invariant (r.i.)
space on | provided f € X and g € L°(I) with my = mg implies g € X and ||f||x = |Ig]lx.

If X is a Banach r.i. space on I and y, denotes the characteristic function of a measurable set A, clearly, || x4|lx depends
only on m(A). The function ¢x (t) = || xallx, where m(A) =t,0 < t < 1, is called the fundamental function of X.

Most important examples of r.i. spaces are L,-spaces with 1 < p < oo, Marcinkiewicz and Lorentz spaces. Let ¢: 1 — |
be a quasi-concave function, that is, ¢(0) = 0, ¢(t) > 0fort € (0, 1] and both ¢ and @(t) := t/@(t) are non-decreasing
functions.

The Marcinkiewicz space M(¢) is defined to be the r.i. space of all f € L°(I) such that

@) [ .
If My == sup —/ () dt < oo.
0<s<1 S 0

If : 1 — I is an increasing concave function, ¢(0) = 0, the Lorentz space A(¢) consists of all f € L°(I) such that

1
If 1A i:/ FE(t) do(t) < oo.
0

If o(t) = tYPforallt € I (1 < p < o0), then the Marcinkiewicz space M(¢) will be denoted by Ly~ and we
put || - llpoo = |l - i, - Clearly, Ly oo = L; with equality of norms. The fundamental functions of these spaces are

gDA((p) = gDM(w) = q). . . . . . . . .

Let M: [0, 0c0) — [0, 00) be an Orlicz function (i.e., M is a continuous non-decreasing convex function on (0, co) with
M(0) = 0) and ¢ be a concave function on I. The Orlicz-Lorentz space Ay (¢) consists of all f € L(I) for which there exists
A > 0 such that

1
/ M (F*(£)/2.) do(t) < oo.
0

Then Ay (¢) is an r.i. space on I equipped with the norm

1
If Il = inf{x > o:/ M (F*(t)/2) do(t) < 1}.
0

Ifo(t) =tforallt € [0, 1], then Ay (@) is the well-known Orlicz space Ly, with the Luxemburg norm.

We note that L' and L are, respectively, the largest and the smallest r.i. spaces on I. Moreover, if X is an r.i. space
on I with the fundamental function ¢, then ¢ is quasi-concave and the following continuous embeddings hold (see
[11, Theorems I1.5.5 and 11.5.7] or [ 10, Theorem I1.5.13]):

A(@) = X — M(p),

where ¢ is the least concave majorant of ¢.
For a given t > 0, the dilation operator o is defined by

ox(s) = X(s/8) xpo,n(s/t), s €10, 1].
Then o; is bounded in every r.i. space X and so the lower and the upper Boyd indices ax and Bx are well-defined, where
. log llov]lx—x . loglo¢|lx—x
ay = lim —————=, Bx = lim ———=
t—0+ logt t—>00 logt

respectively. In general, we have 0 < oy < fx < 1.
The lower and upper dilation indices of a quasi-concave function ¥: [0, 1] — [0, co) are defined by

log M, (t log M, (t
t->0+ logt t—oo  logt
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respectively, where My (t) = Supg_s<1.g<st<1 ¥ (5t)/¥(s). We have 0 < yy, < 8y < 1, and since M, (t) < ||o¢|lx—x for
every t > 0, it follows that wx < px < qx < Bx, where px = y,, and qx = J,,. For general properties of r.i. spaces and
indices we refer to [10,11].

Let X be a real vector space and let S: X, — L°(u) be a sublinear operator, i.e., satisfying the conditions: (1) S(x +y) <
Sx + Sy and (2) S(Ax) = |A|S(x) for all x,y € X and A € R. Moreover, suppose that (3) Sx = 0 if and only if x = 0. For
a given Banach lattice (F, || - ||r) on (£2, n) and for such an operator S: X — L°(u), we define a linear space

Dr(S) :={x € X:S5x € F}
equipped with the norm
IXllpes) = ISXllF, X € Dp(S).

For a study of Banach spaces generated via sublinear operators we refer to [12].

Further, we will be interested in a special case of spaces generated via sublinear operators which is important for
applications to extrapolation.

Let X be a vector space, and let ¢: £2 — (0, co) be a positive function. Assume that (|| . ||1/,(w))we glsa family of norms

defined on a vector space X such that x|y ) € [9(w) for all x € X. Clearly, the operator Sy: X — [9(u) defined for all
x € X by

Syx(@) = [Xlly@), €2

satisfies the above properties (1)-(3). In what follows, the space Dr(Sy ) is denoted by D (v/).
IfX = ﬂ1<p<oo L,(I) and F is a Banach lattice on ([1, o0), m), then the space D () generated by the norms ||X||y ) =
%11, q) for all T < p < oo is denoted by Lf. It easy to check that £ is an r.i. space on I such that, forall 1 < p < oo,

£1.- —> Lp.

The lattice properties of the Banach spaces £ were studied in [13], where some applications to convergence of orthogonal
series are presented.

Following [8], an r.i. space X on I is said to be an extrapolation space if there exists a Banach lattice F on ([1, co), m) such
that X = Lr. We denote the set of all extrapolation spaces by &.

We briefly describe the content of our paper. In Section 2, we introduce the class &’ of r.i. spaces generated by the scale
of Marcinkiewicz spaces L, , (1 < p < 00) and give a criteria for a Marcinkiewicz space M(¢) to belong to the class &’.
The main result here is a new description of extrapolation Marcinkiewicz spaces M(¢) under a mild assumption on ¢.
We also present an example which shows that there exist Marcinkiewicz spaces M(¢) € &’ such that M(¢) ¢ &.In
Section 3, we consider a special type of extrapolation Marcinkiewicz spaces. We prove that a Marcinkiewicz space M ()
is an extrapolation space whenever v/ (t) = sup,-; @ ") t"/P forall t € I for some increasing function ¢ on I with the
property ¢(et) < Cep(t) forevery 0 < t < 1/e. We also show that there exist extrapolation Orlicz spaces which do not
coincide with any Marcinkiewicz space.

In Section 4, we apply the well-known Calderén-Lozanovskii interpolation construction to obtain an extrapolation
description of the Orlicz-Lorentz spaces. In Section 5, we prove some interpolation embedding formulas for spaces generated
by positive interpolation functors.

Throughout the paper, we use the following notation: given two Banach spaces X and Y, we use the notion of (continuous)
embedding X < Y, which means that X C Y and the natural inclusion map from X into Y is continuous. If f and g are real
functions, then the symbol f < g means that c"!g < f < cg for some ¢ > 0.

2. Extrapolation Marcinkiewicz spaces and the class &’

The main aim of this section is to give a new criterion for a Marcinkiewicz space to be an extrapolation space using the
class &’ of r.i. spaces constructed by the scale of Marcinkiewicz spaces L, o, 1 < p < 0.

We start with necessary definitions. If F is a Banach lattice on [1, co), then the space Ur can be defined by the norms
1%]|L, ooy in the same way as the space L. Namely, by Ur we will denote the set of all x € LO(I) such thatx € L, (I) for any
1 < p < oo and the function 7x(p) = [X|lp,.c € F.Itis an r.i. space endowed with the norm [|x||;; = |[n«llr. By & we
denote the class of all r.i. spaces X such that X = Ur with some Banach lattice F.

In the sequel we will need some auxiliary results, which we will use without any references. Let ¢ be a quasi-concave
function on I and, as above, @(t) := t/@(t). Since lim,_, o, @(t) > 0 implies M(p) = L;, we assume throughout this section
that ¢(0+) = lim,_ o, @¢(t) = 0. This implies that ¢ is absolutely continuous and so ¢ is differentiable for almost all
t € [0, 1]. In what follows, we denote by ¢’ the function t — (¢)’(t), when (¢)'(t) exists and (¢)'(t) = 0 otherwise. Then
from the definition of the norm in M (¢p) it follows that for all x € M(¢) we have:

N N
/ x"(t)de < ||X||M(¢)/ g(tydt, 0<s=<1.
0 0



2738 S.V. Astashkin et al. / Nonlinear Analysis 75 (2012) 2735-2749

Since L, o is an exact interpolation space between L; and Lo, (see, e.g.[11, Theorems 2.4.3 and 2.4.9]) for every 1 < p < oo,
the condition ¢’ € L, », (1 < p < 00) (or equivalently, M(¢) C L, «, 1 < p < 00) implies that

11Xl p.00

— =< Ixllmcg)-
p=1 190" llp.00 ¢
Therefore,
M(@) = Upyw)» (1)

where w(p) = 1/||¢’ ||p.cc forevery 1 < p < oo.
The following result is similar to Theorem 1 from [8].

Theorem 2.1. Let ¢ be an arbitrary quasi-concave function on I such that ¢' € Ly  forall 1 < p < ooc. Then the following
conditions are equivalent.
(i) M(¢) € € -
(i) M(¢) = Uy w), where w(p) = 1/]¢'llp,oc, 1 < p < 00.
(iii) There exists a constant C > 0 such that
tl/p

o(t) < Csup tel.

p=1 19 llp.oo”
(iv) There exists a function w: [1, co) — (0, co) such that
(t) < supw@) tVP, tel.
p=1
(v) We have that

P(t) < sup( inf M) t'P tel.

p=1 \ve0.1] v1/P

Proof. (i) = (ii). Assume that there exists a Banach lattice F on [1, 0o) such that M(¢) = Ur. Since ¢’ € M(p), then the
function f(p) = ||@'llp..c (p > 1) belongs to F. For any g € Lo, (w), we have that |g(p)| < [IZllLw)f (P) a.e. on [1, 00).
Hence, g € F and ||g|lr < ||g|lioow) If |- Therefore, L (w) < F and so

uLoo(w) — Ur = M((ﬂ)

Since converse embedding (1) holds, we obtain the required equality M (¢) = U, w)-

(ii) < (iii). The inequality from condition (iii), up to constants, is an inequality between the fundamental functions of
the r.i. spaces M(¢) and Uy ). Thus, because of the Marcinkiewicz space being the biggest one among r.i. spaces with
the same fundamental function [11, Theorem 2.5.7], the mentioned inequality is equivalent to the continuous embedding
ULow) = M(¢p). Combining it with embedding (1) we obtain the equivalence (ii) <> (iii).

The implications (ii) = (i) and (ii) = (iv) are obvious.

(iv) = (v). By the equivalence from the condition (iv), there exists a constant C > 0 such that for all p > 1 we have that

o) <C inf £
ve(0,1] v1/P

Hence, it follows that

v
@(t) < supw(p) t/P < C sup( inf M) t1/p
p=>1 p>1 \v€(0.1] vl/p

¢ 1/p _
<cC f,‘;‘fmt =Co(),
which proves the equivalence given in condition (v).
(v) = (iii). The equivalence given in (v) implies that there exists a constant C > 0 such that for any t € (0, 1] there exists
p > 1 such that the following inequality holds:
pl/p ti/p
sup <C——.
ve0,1] P(V) @(t)

It is easy to see that the left-hand side of the last inequality is equal to ||¢’||».~c. In consequence, for every t € (0, 1] we
have that

tl/p

¢(t) < Csup ———.
p=1 19 lp.oc

i.e., the condition (iii) holds. O
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Remark 2.2. We note that Theorem 1 in [8] states that M(¢) € & if and only if there exists a constant C > 0 such that

1/p
gD(t)fCSU = 0<t§1.
p=1 119"l
Combining this result with Theorem 2.1 and with the obvious inequality ||$’ ||p o = l¢'|l, for all p > 1, we conclude that
M(p) € & implies M(¢) € &.We will see later that the converse implication is not true in general.

Further, we will need a technical proposition similar to Lemma 2.1 from [13]. We include a proof for the sake of
completeness.

Proposition 2.3. If an r.i. space X € &', then the upper Boyd index 8x = 0.

Proof. By the assumption, X = Uf for some Banach lattice F on [1, 00). Let py € (1, co) be fixed. Define the Banach

lattice Fy = {f X[py,00):f € F} equipped with the norm ||f|lg, := [If X[py.00)llF- It is easy to see that Ur, = Ur with
equivalence of norms. Hence, X coincides with the r.i. space Xo = Ug,, which implies that Bx = pBx,. Since for every
X € Lpooand © > 1)orXl|poo < TP|IX]lp.co and [IXllx, = 111X llp,o  Xipp.c0) llF» We have: lovx|lx, < 7'/P°||x|lx,. Therefore,

lozllxg—x, < 71/P0 whence Bx = Bx, < 1/po. Since py can be chosen arbitrarily large, the proof is complete. [

Now, we state and prove the main result of this section. Under a mild assumption on a quasi-concave function ¢, we give
necessary and sufficient conditions which ensure that the Marcinkiewicz space M (¢) € §.

Theorem 2.4. Let ¢ be a quasi-concave function on I with ¢(0+) = 0 and such that

o(t) < supw(p) t'/?
p>1

for some weighted function w: [1, c0) — (0, o0). The following conditions are equivalent.
(1) M(p) € 6. _ .,
(i1) Lio@r) = UL (wy), Where w1 (p) = 1/11¢’lp and wa(p) = 1/[1¢"llp.0c, 1 < p < 00,
(iii)
ti/p ti/p
sup ——— < sup ——,
p=1 11/0llp  p=1 111/@llp.eo
(iv) There exists a constant C > 0 such that

11/ell, < ClI/@llpoo, 1=p <o0.

0<t<1.

Proof. We first observe that from our hypothesis on ¢ and from Theorem 2.1 it follows that M(¢) = U, (w,). Therefore,
by Proposition 2.3, 8, = Bu(,) = 0. Combining this with [11, Lemma 2.1.4] we conclude that there exists a constant C > 0
such that

t b ods t
< <C , 0<t<1. (2)
) — Jo ¢(s) @(t)
Thus, again by Krein et al. [11, Theorems 2.4.3 and 2.4.9], [|¢'[lp.c =< I1/¢llp.00 and [|@'ll, < [11/¢]l, (p > 1). In particular,
from the first of these relations and from Theorem 2.1 it follows that
tl/p
() <xsup————, O0<t<1. (3)
p>1 ”1/90”17,00
(i) = (ii). If M(¢) € &, it follows then from [8, Theorem 1] that M(¢) = L w,). Combining this with the equality
M(q)) = ‘uLm(wz), we obtain that Jf]_oc(w]) = ‘L(LOO(WZ).
Since the condition (iii) means just equivalence of the fundamental functions of the spaces £;_ ;) and Ui (w,),
implication (ii) = (iii) is obvious.
(iii) = (iv). We observe that by the Hélder inequality, the function M; given by M;(s) = log ||1/¢]l1/s forall0 < s < 1
is convex on (0, 1). Clearly,

N ti/p 1
10 lp.oc = sUp — = exp{ sup <— logt — 108‘!’(0)} , 1<p<oo,
0<t<1 @(t) 0<t<1 \ P

and so the function M, (s) = log [|¢’||1/5,0c forall 0 < s < 11is also convex on (0, 1).
In view of inequalities (2) [|¢'||p.00 < |1/¢llp.0 (1 < p < 00), our hypothesis yields

sup t'e™™M© < sup tfe ™ 0 <t <1.

0<s<1 0<s<1
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Let us extend the functions M; and M, to the whole real line R by setting M;(s) := 400 if s < 0 and M;(s) = M;(1) if
s > 1(i = 1, 2). Then M; and M, are decreasing convex functions on R and the previous equivalence can be rewritten as
follows:

exp {sup(s logt — M1(s))= =< exp {sup(s logt — Mz(s))} , O0<t<1
seR seR
and so
exp {M;(logt)} < exp {M;(logt)}, 0<t <1,

where M and M are the Legendre conjugate functions for M; and M5, respectively. Since M} (u) = M; (u) = +ooifu > 0,
the last equivalence implies that

Miuw) —C<M;(u) <Mjw+C, ueR

with some positive constant C. On the other hand, by the well-known Fenchel-Moreau theorem [ 14, Remark 1.63, p. 26],
we obtain fori =1, 2

M;(v) = sup {uv — M (W)}, veR,

ueR

and whence
Mi(v) —C < My(v) <Mi(v) +C, vEeER,
or equivalently exp M; =< exp M,. This yields the required equivalence
11/@llp.c0 = 19 llp.oc < 11/@llp, 1 =p < o0.
(iv) = (i). It follows from the inequality in condition (iv) and from the equivalence (3) that

ti/p
t < 1.

@(t) < sup )
p=1 11/0llp

Combining this equivalence with [8, Theorem 1], we infer that M(¢) € §&. O
Example 2.5. Let @ > 0 and ¢, (t) := In"%(1/t) (0 < t < 1) and ¢(0) = 0. A simple calculation shows that the following
equivalences hold:
[ In% 1/t]lp 00 < a®p*e™™ and | In*1/t]l, <p*,p>1.
This implies that for every & > 0
11/¢allp < 11/@allpoc, P =1
Moreover, it is easy to check that the equivalence (3) holds. Thus, it follows by Theorem 2.4 that M (¢, ) € 6.
Now, we present an example showing that there exist Marcinkiewicz spaces M (¢) such that M(¢) € & but M(p) & &.

Proposition 2.6. Let y > 0and let N: (0, o0) — (0, 00) be an increasing function such that N(t) = t(logt)” forallt > t,,
where t,, is large enough. Assume that ¢ is a quasi-concave function such that

@(t) < exp(—N~"(log(1/1))), 0 <t <1,
where N~ is the inverse function of N.

(i) If y = 1, then the Marcinkiewicz space M (¢) is an extrapolation space and in addition
_N*p)
IXlmep) =< XL, =< sup e 2 [x]|p,
1<p<oo

where Ly is the Orlicz space, generated by the Orlicz function M(u) = exp(N(logu)) for large u > 0, and N*(p) =

sup;..o{ps — N(s)}.
(i) f0 <y < 1,then M(p) € &\ &.
Proof. For the proof of part (i), see [6, Example 4.14]. To prove part (ii) we first observe that

ti/p

0 = sup —, (4
llo ”p,oo 0<t§pl o(0) )
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whence

log 1@ [l1/s,00 = osuP1{s logt —logp(t)} = sug{sy —logp(e”)}.
<t< y<

Since the function log ¢(e’) = —N~1(—y) is convex, then by Fenchel-Moreau theorem [ 14, Remark 1.63, p. 26],

log p(e”) = sup {sy —1og | [|1/s,00},

0<s<1

and therefore

t/p

p(t) = sup ——.
0<t<1 ||<ﬂ ”p,oo

Hence, from Theorem 2.1 it follows that M(¢) € &’ and therefore [|¢'[|, o < [I1/¢llp,c0 (see the beginning of the proof of
Theorem 2.4).

Moreover, from (4) and from the definition of the function ¢ we see that

~ N~ (log(1 1
||(P/||p,oo = sup e (log(1/6) ¢1/p
0<t<1

1/p
= sup esNE/p — (sup eps—N(s)) — eN*(p)/p.

s>0 s>0

Applying Theorem 2.4, we conclude that to prove that M(¢) ¢ & it is enough to show that

N PP — o (5)
p

nl;
lim || —
pﬁOO (p

Clearly, for all p large enough N*(p) = f,(so), where f,(s) := ps — slog” s and where s is such that
p —log” sy — y log’ "1sy = 0.
Denote x := log sy. From the equation p = x” + yx? ! it follows that x — 400 asp — +oo,

%(H%):L (6)

and x = p'/7 + o(p'/?) if p — 4o0. Further, let s; := so(1 +y), wherey = e * and 1 < ¢ < 1/y.Note thaty — 0 as
p — oo and that for all p large enough we have

1 exp(-N(sp) 1/p +00 1/p
H_ > (/ ePN™ (log(1/1)) dt> — (_/ ePs de—N(S))
% p 0 So
+o0 1/p s1 1/p
— (ePSO—N(SO) +p / ePs—N®©) ds) > ( / ePs—NG) ds)
S0 S0

> (epsl—N(sl)(.ﬁ — So))mJ = el CV/P(5y)1/P

— efp(sl)/ps(])/P exp(_ lOgSo/p 4 p8—1) = efp(Sl)/P exp(ps—]).

Since ¢ > 1, then exp(p~') — 400 asp — +o0. Therefore, for proving (5) it is sufficient to show that for some ¢ > 0
we have

G/~ ofoG0) /P — pN*®)/p

or, equivalently,
fp(s1) — fp(s0)
p
for all p large enough. We claim that

lim fp(sl) —fp(So) _
p—> o0 p

> logc

0.
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Since x = logsg and s; = so(1 + y), where y = e *?° — 0 as p — +o0, then taking into account (6), we obtain that
P (fo(s1) — fp(s0)) = p~" (ps1 — s1log” 51 — pso + so log” o)
= Soy — %0 ((1+y)(logso + log(1 +y))” — log” so)

Y
So (y— l ((1 +y) (1 + log(1 1) +y)) - 1))
p X

= 5 (y—’%((uy) (1+ 2 +007) —1))

= So (y <1 Y (1 + Z)) +00/2)) =50 - 0(y%)
p X

=€ o(e B = % (1) > 0 asp — +oo.

Thus, (5) is proved and therefore M(¢) € &. O

3. Special type extrapolation Marcinkiewicz spaces

Results of the previous section show that the condition
Y (t) =supo(p)t'’?, tel0,1], (7)

p=1

where w is a weight function defined on [1, c0), does not guarantee that the Marcinkiewicz space M(y/) € &. At the same
time, if w is a function, which is tempered at infinity (i.e., ®(2p) =< w(p), p > 1), it follows from the Jawerth-Milman
extrapolation theory [2] that

Atzp<oo (0(D)Lp) = Lire(w) = M(W). (8)

Let w(p) = (e P)(1 < p < 00), where ¢ is an increasing function on [0, 1] satisfying the condition: ¢(et) < Ce(t) for
every 0 < t < 1/e. Then w is tempered at infinity if and only if ¢ € A2, which means that ¢(t) < Ce(t?)(0 <t < 1).
Moreover, in this case the functions i and ¢ are equivalent on [0, 1] (see [8, Lemmas 1 and 2]), whence M(¢) € &.

The following theorem shows that, in fact, formula (8) holds for every weight function p + ¢(eP) defined on [1, 00),
where ¢ is an increasing function on [0, 1] with the property ¢(et) < Cop(t) for every 0 < t < 1/e. We prove a similar
assertion even for weights w of the form w(p) = go(e‘ep), 1<p<o.

Theorem 3.1. Let w(p) = go(e*ep)(l < p < 00) for some increasing function ¢ on [0, 1] with the property ¢(et) < Co(t)(0 <
t < 1/e) and let the function {r be defined by (7). Then extrapolation formula (8) holds. Moreover, the Marcinkiewicz space M ()
coincides with the Orlicz space Ly generated by the function M defined by M(u) = sup,-, w(p)u” for allu > 0.

Proof. We first note that for p € [logk, log(k + 1)], k > 2, we have

—eP —k —(k+1
@e™) IIxll, < @) [Xlliogaer < Co(e™ ) IXlliogirt 1),

which yields
supg(e®) [Ixll, < sup (€™ [IX[logk- 9)
p>1 k>3, keN

Further, itis clear that .£; (4, is an r.i. space on [ with the fundamental function v. Since M (v/) is the largest space among
all r.i. spaces with a given fundamental function [11, Theorem 2.5.7], we get the continuous embedding

Lo @) = MW).
To complete the proof of (8) it is enough to show that the reverse continuous embedding holds. Since
1
X*(t) S _”X”M ) t e (07 1]’
vy

for every x € M(y), the latter embedding is an immediate consequence of the fact that 1/ € £ (), Or, equivalently,
by (9),

sup (p(e”‘) 00.

k>3 )

<
log k
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From the definition of v it follows that
S 1 1
V() > e M) Togldn > — (e k)t loetrD |
- - C

and so
1

— <
v(t) ~ e

Combining these estimates gives

1
t~ loglk+1)

pe™

1 1
1 o Togk Togk
‘l <C (/ t“logl(ﬁ*l) dt) —C (M) ¢ < C < 00,
Y lliogk 0 log(1+ 1/k)
and (8) is proved.

We now prove that the space £, (,) coincides with the Orlicz space Ly. We first observe that fol M(x(t)Ddt < 1,
provided ||x||,, < 1.Then, using the definition of M, we deduce that

1
a)(p)p/ x(OPdt <1, 1<p < oo.
0

Hence, it follows thatx € £, () and [X]l ¢, ., =< 1.
Conversely, let ||x||£Loo(w) < 1. Without loss of generality, we may assume that ¢(1) = 1. By this assumption,

C* < g™ < 1and p(e7)°2k < Cp(e~*)l8®+D This implies

M(U) = sup (p(e—ep)pup < SupCl+logI<(p(e—l<)logkulogk
1<p<o©o k>3
00
< CZlogk(p(efk)logkulogk’
k=3
and whence

1 [e'e) 1 log k [ee)
|X(t)|> 2logk _knlog k |x(£)] 1
M dt < C7 %% p(e7")o8" dt < — < 1.
This shows that [|x]|;,, < €*C%. O

The following statement is an immediate consequence of Theorem 3.1.

Corollary 3.2. Let w(p) = ¢(e™P) (1 < p < o0) for some increasing function ¢ on [0, 1] with the property ¢ (et) < Cp(t) (0 <
t < 1/e) and let the function v be defined by (7). Then extrapolation formula (8) holds. Moreover, M () coincides with the Orlicz
space Ly generated by the function M (u) = sup,-; @(p)’uf (u > 0).

Let w(p) = ¢(e7P) (1 < p < o0), where g is a function satisfying the conditions from Corollary 3.2. An inspection of the
proof of Theorem 3.1 shows that relation (8) holds if and only if there is a constant C > 0 such that

11/9 1, < 1=p<oo. (10)

pe P’
From the properties of ¢ it follows that the right-hand side of (10) does not exceed Cf . Let us present an example of an

extrapolation Marcinkiewicz space M (y) whose fundamental function ¥ does not satisfy any inequality of the form (10) and
which therefore cannot be representable as in (7) with w(p) = ¢(e?), where ¢ satisfies the conditions from Corollary 3.2.

Example 3.3. Let 0 < 6 < 1and py(t) := exp (— lne(l/t)) if0 <t < 1and py(0) = 0. Since lim;_, o4 pg(t) = 0 and for
sufficiently small t > 0p,(t) > 0and p;(t) < 0, there exists an increasing concave function v,(t) on [0, 1], ¥ (0) = 0,
which is equivalent to oy (t). From [8, Example 1] it follows that M () € & and

11/%sll, < exp (Cop® =)

This shows that in the case 6§ € (1/2, 1) inequality (10) cannot be fulfilled and therefore the fundamental function vy, (t)
of the corresponding Marcinkiewicz space cannot be representable in the form sup,. ¢(e™?) t'/P (0 < t < 1), with some
increasing function ¢ on [0, 1] with the property ¢(et) < Ce(t) (0 < t < 1/e). On the other hand, it is easy to check that
from Theorem 3.1 it follows that

%Il
Xl myg) < SUp ——————.
o) p>1 exp (Cop?/(1-9)
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It is interesting to note that any extrapolation functor of the type A generated by the discrete scale {Ly}72, of L,-spaces
gives an Orlicz space [6, section 5.1]. More precisely, for an arbitrary positive sequence {w(k)};2,, we have that Ly =
AY(wly), where

1X]| st(oryy = sup (k) [IX[lx and & (u) = sup w(k) u". (11)
keN keN

In contrast to that the latter space may not coincide with any Marcinkiewicz space.

ek . . . .
Proposition 3.4. Let w(k) = e™¢ for each k € N. Then the space A%(wly) defined in (11) does not coincide with any
Marcinkiewicz space.

Proof. Since A%wly) = Ly with the function @ defined in (11), we need only to show that Ly # M(g), where
@(t) == sup, w(k)t'/k < @1, (). In view of [15] (see also [16]), it is enough to check that 1/¢ & Ly, i.e., forany A > 1

1
/ @ (L) dt = oo. (12)
0 Ap(t)

Let the function f(s) = e® + % log(1/t) take its maximum on the semi-axis (0, co) at the point so. Then

s2e0e™ = log(1/t),
whence sy < logloglog(1/t). Therefore,
p(t) < Cw(k)t"*"  with k; € Nsuch thatk; < logloglog(1/t) + 1.
By (11), we have
(—) > wiky)" 1 .
Ap(t) Chaxki (w(ky)tVkyk  Ckipkat
Let CA = €% where a > 0. Since k; < logloglog(1/t) + 1, then
1 1 1
Cliaki ~ (Ca)logloglos(/0+1 — 1 log® log(1/t)
Thus,

! 1 1 ! 1
o — ) dt > — ——————dt = o0,
0 Ap(t) Cir Jy tlog®log(1/t)

and the relation (12) is proved. O

4. Strong extrapolation Orlicz-Lorentz spaces

In [9], an interesting subclass of & has been introduced and studied. If X is an r.i. space on I, then by X we denote the
Banach lattice of all measurable functions f on [1, o0) such that

If Iz = Ilf (log(2/0)) llx < oo.

An r.i. space X is called a strong extrapolation space (X € 4&) if X = L5 (with equivalence of norms).

One of the main results of the article [9] is a characterization of strong extrapolation spaces in terms of boundedness of
the composition operator Sx(t) = x(t?).

Recall (see Introduction) that, for arbitrary Orlicz function M on [0, co) and concave function ¢ on I, the Orlicz-Lorentz
space Ay (@) consists of all x € L(I) for which there exists A > 0 such that

1
/ M (x*(£)/2) de(t) < oo.
0

Ap (@) is an r.i. space equipped with the norm

1
x| := inf{)» > O:/ M (x*(t)/1) do(t) < 1}.
0

Proposition 4.1. Let E := Ay (@) be an Orlicz-Lorentz space on I with ¢(04+) = 0, and let F be the Orlicz space Ly; on
([1, 00), u) with u = w dm, where w(s) := ¢'(275)27° for all s € [1, 00). Then we have the following embeddings

LF— E, L5 — LF.
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Proof. To prove the first embedding we fix 0 # x € «£Lf. Then for A := ||x|| ¢, we have

/OOM(IIXIIs/?») w(s)ds < 1.
1

Since x € L forall s > 1and x*(27°) < 2||x||s, we obtain

1/2 00
/ M (x*(£)/21) ¢/ (t) dt = log2 / M (x*(27°)/21) 27%¢' (2% ds
0 1

IA

/OOM(IIXIIs/)n) w(s)ds < 1.
1

This implies that
1X* x0.1/21lE < 211Xl £ -
Now observe that for any r.i. space E on I we have
Xl < 1% x10,1/21lle + I1X* x(1/2,1llE < 211X* X10,1/21IE-
Thus combining the obtained estimates we conclude that
xlle < 41|,

which yields the first embedding.
Let us prove the second embedding. If 0 # x € L3, then for A := ||x|| Ly since M is an Orlicz function, we have

1 1/2
1 Z/ M ((I1xllogy 2/0)* /1) ' (£) dt > / M ((IIXll10g, 170)/A) @' (t) dt
0 0

log 2 f M (Ixll/3) ¢/(25)2" ds
1

%

f " M (082 X]ls/) w(s) ds.
1

Hence x € Lr with ||x|| ¢, < (log 2)"! HXHIE' and this completes the proof. O

Further, we use the standard notions from the interpolation theory (see, e.g. [17]). Amapping # acting on the class of all
couples of Banach lattices is called a positive interpolation functor if for every couple X = (Xo, X;) of Banach lattices F (X)
is an intermediate Banach lattice with respect to X (i.e., Xo N X; <> F(X) < Xo + X1), and T: F(X) — F(Y) for every
linear positive operator T (i.e., Tx > 0 whenever x > 0) such that T: X — Y (meaning that T: Xy + X; — Yy + Y7 and its
restrictions T: X; — Y;(j = 0, 1) are defined and being linear positive operators). If, in addition, there is a constant C > 0

such that for each T: X — Y we have

1Tl -7 < Cmax{[ITlxy—vo: ITlIx; v, }s

then ¥ is called bounded (an exact if C = 1).

We also need the definition of the Calderén-Lozanovskii spaces.

Recall that if X = (Xp, X7) is a Banach couple of lattices on (£2, i) and ¢: [0, 00) x [0, o0) — [0, 00) is a concave and
positively homogeneous function (that is, ¢ (As, At) = A (s, t) forall A, s, t > 0) with ¢(0, 0) = 0 (for short, ¢ € &), then
the Calder6n-Lozanovskii space ¢(X) = ¢(Xo, X;) consists of all x € L) such that |x| < A¢ (|xol, |x1])1u-a.e. on £2 for
some x; € X; with [|x;]|x;, < 1,j = 0, 1. The space ¢(X) is a Banach lattice equipped with the norm (see [18,19])

X[l iz, = inf{X > 0: x| < Ap(Ixol. [x1]). [Xollx, < 1. IX1llx, < 1}.

In the case of the power function ¢(s, t) = s'~?t? with0 < 6 < 1, ¢(X) is the well-known Calderén space denoted by
xg—exf (see [20]). Recall that # (-) := ¢(-) is an exact positive interpolation functor [21].

Let M: [0, 00) — [0, 0o) be an Orlicz function. Put ¢ (s, t) := tM~1(s/t) ift > 0and ¢(s, t) = 0if t = 0, where M~ is
the right-continuous inverse of M. Then it is easy to check that for any Lorentz space A(g), we have

¢(A(@), L) = Am(9). (13)

Theorem 4.2. Let E := Ay (@) be an Orlicz-Lorentz space on I with ¢(0+) = 0. Then the following statements are true.

(i) If the composition operator Sx(t) = x(t?) is bounded in E, then E is a strong extrapolation space and E = L3 = £, where
F is as in Proposition 4.1.
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(i) Assume ¢ satisfies A%-condition (p € A? for short), i.e., there exists a constant C > 0 such that ¢(t) < Ce(t?) forallt € I.
Then E is a strong extrapolation space.
(iii) If E is separable, then E is a strong extrapolation space if and only if ¢ € A2.

Proof. (i). From [9, Theorem 2.3], our hypothesis implies that E is a strong extrapolation space, i.e., E = «£L3. Thus the
required statement follows from Proposition 4.1.

(ii). If ¢ € A2, then the composition operator S is bounded in A(g) (see [9, Proposition 2.9]). Since there exists ¢ € »
such that we have (13) and the map £ (-) := ¢(-) is a positive interpolation functor, we conclude that the composition
operator S is bounded in E. It then follows from [9, Theorem 2.3] that E € $€&.

(iii). The separability of E implies that there exist a constant C > 0 and tp > 0 such that M(2t) < CM(t) forall t > ¢ty
(see [22]) or, equivalently, yy, > 0, where ¥ (t) = 1/M~1(1/t) for all t e I is the fundamental function of the Orlicz
space Ly;.

Assume that E is a strong extrapolation space. Then it follows from [9, Theorem 2.3 and Proposition 2.9] that o = ¥/ (p) €
A?. Combining this with the separability of E easily yields that ¢ € A2, In fact, otherwise, for any h > 0 thereisat € (0, 1)
for which ¢(t?) < hg(t). Then, by the fact that y,, > 0, there are C > 0 and ¢ > 0 such that

V) _whe®) _ .
V@) ~ vle®) ~

Since h > 0 is arbitrary, this contradicts ¢z € A? and (iii) is proved. O

Remark 4.3. In particular, if 1 <r < oo and M(t) = t" for all t > 0, we obtain the space A,(¢) equipped with the norm

1
1%l arp) = (/ (x*®)" dw(t))
0

From Theorem 4.2 it follows that

1/r

=1

00 1/r
X1l a7 p) = ( IxIlf ¢'(27) 2_") (14)
k

whenever ¢ € A% In a special case ¢(t) = log' " (e/t)(r > 1) we obtain

o r 1/r
lIx11
X114, tog! =T ey = <Z( k
k=1

We note that the above formula was proved earlier in [23], where one can also find its applications in studying
convolution inequalities corresponding to the critical case of Sobolev embedding. If ¢ is a concave increasing function
satisfying the condition ¢’'(t) < Ct¢'(t?) (which is stronger than the condition ¢ € A?) formula (14) was obtained in [24].
If ¢ € A? is arbitrary, then (14) was proved in [8].

The problem of describing strong extrapolation non-separable Orlicz-Lorentz spaces is still open. We note that if
Y (t) := 1/M~1(1/t) € A?, then the Orlicz space Ly is a strong extrapolation and coincides with the Marcinkiewicz space
M () [6, Section 4]. Therefore, if ¢ is the fundamental function of the Orlicz-Lorentz space E = Ap(¢), then for some
A>0

1 1 1 1
M d = M| — ) d
/o (m(o) v /o (xw«p(t))) ¢
1
=/ M< ! )ds<oo,
, e

which implies that 1/¢g € Ay (@). Hence, the space Ay (¢) coincides with the Marcinkiewicz space M (¢g). However, as is
shown in the following proposition, this space may not be a strong extrapolation.

Proposition 4.4. For an arbitrary increasing concave continuous function y on I with ¥(0) = 0 and y(1) = 1 there is
a function ¢ with the same properties such that the function ¥ (¢) & A2.

Proof. For a given ¢y we choose inductively the points 1 = t; > t; > t12 >ty > tzz > t3 > --- > 0 and the numbers
1=by>by>by>--->0and0=ky < k; <ky <---withlim,_, o b, = 0and kytin+1+bm = kms1tms1+ bm1 S0 that
the function v (¢), where the piecewise linear function ¢ defined by ¢(t) = knt + by, ift € [tyaq, tn] (M =0,1,2,...)
and ¢(0) = 0, possesses required properties.
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First, we set ¢(ty) = 1. Now, suppose that 1 =ty > t; > t2 > t; > t7 > t3 > --- > t2 > t,,1 = by > by > b,
>-.-->by,and0 =k < ky < ky < --- <k, are already chosen. Letn > O and t, 1 € (0, t,f) satisfies the conditions

b

kntl, | + batnss < Z” (15)
and

V (20t + butns) < = (16)
and kn4q and bnyq be such that the points with coordinates (tni1, kntn1 + bn) and (t2, |, 2(kntZ, | + bntyiq)) lie on

the straight line y = k, 1t 4+ b,41. Then an easy calculation shows that k,, 1 > k,(n = 0,1,2,...), bpy; > 0 and by
(15)by41 < by/2(n =0, 1, 2,...), whence b, | 0. Moreover, ¥ (¢(ty+1)) = ¥ (kntptr1 + bn) > kntpy1 + by > b, and from
(16) it follows that 1//(go(t§+l)) < b,/(n + 1). Therefore, ¥ (¢) & A2, and the proof is complete. O

It should be noted that the condition gz € A2, where E = Ay (¢), can be fulfilled when neither of the conditions ¢ € A?
and ¥ (t) :== 1/M~1(1/t) € A? holds.

Example 4.5. Let ¢ be an increasing concave function on I such that ¢(t) < exp(— log?log 1/t)(0 < t < 1/e).Itis not hard
to check that ¢(p) € A2butg ¢ A%

5. On interpolation of extrapolation spaces

We will need a special variant of a result from [25]. For the sake of completeness we include its proof. We use the most
general version of what is known as the Hahn-Banach extension theorem [26, Theorem 2.1].
If (X, <) is a vector lattice, then a linear operator S: X — L°(y) is called positive if S(x) > 0 whenever x € X and x > 0.

Theorem 5.1. Let (Xo, X1) and (Yy, Y1) be couples of Banach lattices and let T: Xy + X; — Yy + Y7 be a sublinear operator
such that |Tx| < T|x| (x € Xo + X7). Suppose that ||Tx||y]. < Cj||x||xj forany x € X; (j = 0, 1). Then, for every exact positive
interpolation functor ¥, T maps ¥ (Xo, X1) into F (Yo, Y1) and

ITX] £ vy, vy < max{Co, Ci}lIXllzxo.xp), X € F (Xo, X1).
Proof. Let p: Xo +X; — L°(n) be defined by p(x) := T(x*) for every x € X, + X;. Then we have that p(x +y) < p(x) +p(¥)

and p(Ax) = Ap(x) forallx,y € (Xo + X1), A > 0.Fixxy € F(Xo, X;) and put H := span{|xq|}. Define the positive linear
operator So: H — L°(u) by

So(Axg) = AT(]xl), A €R.

Clearly, we have Syp(x) < p(x) for all x € H. Now, by Hahn-Banach extension Theorem [26, Theorem 2.1], there exists
alinear extension S of Sy to the whole space X+ X; satisfying S(x) < p(x) forall x € Xo+X;.In particular,if0 < x € Xy +X;,
then

—S(X) =S(=x) <p(=x) =T((-=x0)") =T(0) =0

implies that S(x) > 0. In consequence, S is a positive extension Sy to the whole Xy + X;. Since S(x) < p(x) = T(x") and
IS(x)] < S(|x|) for x € Xy + X; (we note that S is a linear positive operator), our hypothesis on T yields

Isxlly, < IT(xD Iy < Glixlly

forallx € X; (j = 0, 1). Combining these remarks with interpolation property, we obtain T (|xg]) = S(|xo|) € F (Yo, Y1) and
therefore

IT (X0 DNl # v vy = ISUXoD Il # (vp,vy) < max{Co, C1}lXoll #xq.x1)-
Since |T(Xp)| < T(|xo|) we obtain the desired inequality. O

We show applications of the above theorem which are independent of interest.

Corollary 5.2. Let (Ey, E1) be a Banach couple of lattices on (£2, j¢). Let % C L°(v) be a linear subspace and let S: X, — L°(u)
be a sublinear operator vanishing only at zero such that |Sx| < S|x| (x € X). Assume that (Dg,(S), Dg, (S)) be a Banach couple
of lattices. Then, for every exact positive interpolation functor ¥,

F (Dg,y(S), Dg,(S)) = Dy 1) (S).
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Proof. Since ||Sx||r, = ||X||Dsj(5) whenever x € Dg;(S)(j = 0, 1), the operator S: Dg,(S) + Dk, (S) — Eo + Eq satisfies all
conditions of Theorem 5.1. Hence S: # (D, (S), Dg, (S)) — F (Eo, E1) with

X1l Eo.E1) < IIXIl 5 Dgy (5).D, ()

forall x € # (Dg,(S), Dg, (S)), which yields the desired embedding. O

Corollary 5.3. Let F be an exact positive interpolation functor. Then, we have the following.
(i) If (Fo, F1) is a Banach couple of lattices on ([1, o0), m), then

F(Lry> L) > Ly@Ery and  F(Ury, Up) = Uy Fyp)-
(ii) If (Eo, Eq) is a couple of r.i. spaces on I, then

F Ly LE) = Ly F) = OC?(/EBfE]).

Corollary 5.4. Let a positive function w € L1([1, 0o), m) and let ¢ be a concave function on [0, 1] defined by

o0
w(t)=/ t"?w(p)dp, 0<t<1.
1

Then, for any Orlicz function M on [0, co) the following continuous inclusion holds:
Ap(@) = Lr,
where F is the Orlicz space Ly, on ([1, 00), u) withdu = w dm.

Proof. Let 1 < p < oo and L, be defined on [0, 1]. Since ¢p(t) = t'/P for 0 < t < 1, it follows from [11, Theorem 5.5] that
Lp,1 = A((p]_p) — Lp with

1
Illp < xllp1 = /0 KO, xelyy.

For every x from the Lorentz space A(¢) on [0, 1], we have

e’} e’} 1
/ X1, w(p) dp 5/ (/ X*(t)dt”") w(p) dp
1 1 0

1 [} t]/p—] 1
=/ x*(t)/ w(p)dpdt:/ x*(t) do(t).
0 1 D 0

Clearly,

sup |Ix[l, = sup x*(t) = [IX[loo, X € Leo-
1<p<oo O<t<1

In consequence, we obtain
A((p) — °CF0’ LOO — °CF]’

where Fy = L{(w), F1 = Ly are Banach latices on ([1, c0), m).
Now put ¢(s, t) := tM~!(s/t) ift > 0and ¢(s, t) = 0if t = 0, where M~ is the right-continuous inverse of M. Then
the following formulas hold with equalities of norms:

¢(A(9), L) = Aulp),  ¢(Fo, F1) = Lu(w).

Combining the above relations with Corollary 5.3 applied to the positive interpolation functor # (-) := ¢(-) yields
Ay(p) = ¢ (oCFO, °CF]) > LoFy,Fy) = LF,

where F = Ly;(u) and this completes the proof. O

We conclude the paper with the following remark that if ¢ € A?, then it is easy to check that for w defined by
w(p) =27P¢'(27P)forall 1 < p < o0,

o(t) = / 0 w(p) dp.
1

Thus, applying Proposition 4.1 and Theorem 4.2, we deduce that Ay (¢) = LF.
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